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Asymptotic equivalence in Lee's moment formulas for the implied 
volatility and Piterbarg's conjecture 



Archil Gulisashvili 



^D ' Abstract The asymptotic behavior of the imphed volatihty associated with a general cah pricing function 

^^ . has been extensively studied in the last decade. The main topics discussed in this paper are Lee's moment 

formulas for the implied volatility, and Piterbarg's conjecture, describing how the implied volatility behaves 
in the case where all the moments of the stock price are finite. We find various conditions guaranteeing the 
existence of the limit in Lee's moment formulas. We also prove a modified version of Piterbarg's conjecture 
r^ , and provide a non-restrictive sufficient condition for the validity of this conjecture in its original form. The 

asymptotic formulas obtained in the paper are applied to the implied volatility in the CEV model and in 
the Heston model perturbed by a compound Poisson process with double exponential law for jump sizes. 



'^ , Keywords Call and put pricing functions • Implied volatility • Lee's moment formula • Piterbarg's conjec- 

Ch ' ture 

, ^' 1 Introduction 



In this paper, we study the asymptotic behavior of the Black-Scholes implied volatility associated with a 

^ I general call pricing function. There is a large literature on the implied volatility and its relations with call 

pricing functions, stock price distribution functions, or stock price distribution densities (see [H [31 SI [TTl HH 

[HI Uni [T71 [ini HH [53] ) . we focus on Lee's moment formulas for the implied volatility (see [H]), Piterbarg's 



If^ • conjecture (see [25]), and tail-wing formulas due to Benaim and Friz (see [2l|3l[4]). In Section [3l we find a 



necessary and sufficient condition for the validity of the asymptotic equivalence in Lee's moment formulas. 
("^ ■ Section [4| is devoted to Piterbarg's conjecture. We modify the conjectured asymptotic formula for the 

f^ I implied volatility and prove the modified formula. Furthermore, we show that under very mild restrictions, 

Piterbarg's conjecture is valid in its original form. In the last section, the asymptotic formulas obtained in 

the present paper are applied to the CEV model and to the Heston model perturbed by a compound Poisson 
. , ■ process with double exponential law for jump sizes. 

rS I The random behavior of the stock price will be modeled by a nonnegative adapted stochastic process X 

jrt ■ defined on a filtered probability space (J7, J-, {Tt},f*). It is assumed throughout the paper that the following 

conditions hold for the process X: 

• Xf) = xo P*-a.s for some xq > 0. 

• E* [Xt] < oo for every i > 0. 

• P* is a risk-free measure. This means that the discounted stock price process {e^''*Vt}j>p, where r > 
stands for the interest rate, is a (J^(,P*)-martingale. 

The pricing function C for the European call option associated with the stock price process X is defined 
by the following formula: 



C(r, K) = £-'■" E* {Xt - K) 
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Here T > is the maturity of the option, K > is the strike price, and for a real number u, u+ is defined 
by u~^ = max{u,0}. Similarly, the European put pricing function P is given by 

P(r, K) = e^'^E* \{K - Xt) 

The functions C and P satisfy the put-call parity condition 

C(r, K) = P{T, K) + xa- e-^'^K. 

Denote by Pt the distribution of the stock price Xt and by Ft the cumulative distribution function of 
Xt given by FT{y) = P* [Xt > y], y > 0. The distribution density of the stock price Xt if it exists will be 
denoted by Dt- It is not hard to see that the following formulas hold: 

/>oo 

C{K) = e-^^ FT{y)dy (1) 

JK 

and 

/>oo 

F{y) = / DT[x)dx. (2) 

An important example of a call pricing function is the function Cbs arising in the Black-Scholes model. 
This function is given by 

Cbs (T, K, a) = x^N {di {K, a)) - Ke'-'^N (dj {K, a)) , 

where 

and 

"'^' = i/l'"'-{4}* 

(see, e.g., ^). 

Let C be a call pricing function and let {T^K) S (0,oo)^. The value of the volatility parameter a — 
I{T,K) in the Black-Scholes model, for which C(T,K) — CBs{T,K,a), is called the implied volatility 
associated with the pricing function C The implied volatility I{T,K) is defined only if such a number a 
exists and is unique. In [14| . we introduced the following classes of call pricing functions: 

C e PF^ ^P=> C{T, K)>0 for all T > and K >0 with xqc'''^ < K 

and 

C G PFo 4=» P{T, K)>Q for all T > and K>Q with K < xqc''^ . 

For a call pricing function C, the condition C € PFao guarantees the existence of /(T, K) for xqc'^'^ < K, 
while the condition C G PFq imphes the existence of I{T, K) for K < xqc''^. If C € PFoo n PFq, then the 
implied volatility exists for all T > and K > (more details can be found in |14j). 

Suppose that the maturity T > is fixed and consider the implied volatility as a function K i— > I{K) 
of only the strike price. In 24 , R. Lee obtained important asymptotic formulas for this function. These 
formulas explain how the implied volatility behaves for large or small values of the strike price. We will next 
formulate Lee's results. The function tp appearing in the formulation is given by 

iP{u) = 2-4:(Vu^ + u-u] , u>0. (3) 



Theorem 1.1 The following statements hold for the implied volatility I associated with a call pricing func- 
tion C: 



1. Let p he defined by 
Then 

2. Let q be defined by 
Then 



= sup |p > : E* 


yVrp 


< oo 


hmsup- —- = V(P)- 

A'^oo log A 


9 = sup {g > : E [X~''] < oo} 


r TI{K) 

lim sup T- 

A^o log -j^ 


2 



(4) 
(5) 

(6) 

(7) 



Remark 1.2 It should be assumed in Part 1 of Theorem 11.11 that C E PFoo- Similarly, the condition 
C e Pi^o is needed in Part 2 of Theorem 11.11 



Formulas ([5]) and (O in Theorem 1 1.1 1 are called Lee's moment formulas. 
The next definition concerns various asymptotic relations between functions. 

Definition 1.3 In items 1-4 below, we introduce several asymptotic relations between positive functions tpi 
and ip2 on (a, cx)). 

L If there exist ai > 0, a2 > 0, and yQ > such that aiipi(y) < (^2(2/) ^ ct2'fii{y) for all y > y^, then we 
write ifiiy) ~ '~pi{y) as y —?► 00. 

2. If the condition lim [(^2(2/)] fiiv) ~ 1 holds, then we write ifiiiy) ^ ^2{y) as y —>■ 00. 

3. Let p be a positive function on (0,oo). We use the notation (pi{y) — 'f2{y) + 0{p{y)) as y ^f cx), if 
there exist a > and yo > such that \(pi{y) — </52(y)| < otpiv) for all y > yo- 

4- Let p be a positive function on (0, cxd). We use the notation 'pi(y) — ^2{y) + o{p{y)) as y —^ 00, if 

Wi{y) - 'P2{y)\ ^ „ ^_ 

-— > \j as y — > CX3 . 

p\.y) 

Similar relations can be defined in the case where y 4 0. 

Regularly varying play an important role in the present paper. 

Definition 1.4 Let a G R and let f he a Lebesgue measurable function defined on some neighborhood of 
infinity. The function f is called regularly varying with index a if the following condition holds: For every 

f(Xx) 
X > 0, ., >■ A" as X —> 00. The class consisting of all regularly varying functions with index a is denoted 

fix) 
by Ra- Functions belonging to the class Rq are called slowly varying. 

A rich source of information on regularly varying functions is the monograph by Bingham, Goldie, and 
Teugels [5]. 

The following result due to Vuilleumier (see [S], Theorem 2.3.6) will be used in the paper: 

Theorem 1.5 Let f be a measurable positive function on [1, 00). Suppose that f{x) — (x") as x —> co for 
all a > 0. Then there exists a slowly varying function I such that f{x) = o{l{x)) as x — > 00. 

Functions of Pareto type are widely used in financial mathematics. For instance, the complementary 
distribution function of the stock price in various stochastic volatility models is of Pareto type (see, e.g., 
[14j). We will next give the definition of functions of Pareto type and also introduce a new notion (functions 
of weak Pareto type). 



Definition 1.6 (a) Let F be a positive Lebesgue measurable function defined on {c,oo) with c > 0. We say 
that the function F is of Pareto type near infinity with index a, provided that there exists a positive function 
f € Ra satisfying the following condition: F(y) ^ f{y) as y ^ oo. 

(b) Let F be a function such as in Part 1. Lf there exist two positive functions f\ e i?^ and /2 G Pa, 
satisfying the condition fi{y) < F{y) < f2{y), y > yo, then we say that the function F is of weak Pareto 
type near infinity with index a. 

(c) Let G be a positive Lebesgue measurable function defined on (0, c). We say that the function G is of Pareto 
type near zero with index a provided that there exists a positive function g G Ra such that G{y) ^ g (y^^) 
as y -^ 0. 

(d) Let G be a function such as in Part 3. If there exist two positive functions gi € Ra and 92 G Ra 
such that gi \y~^) < P{y) ^ 92 [y^^) , < y < yo, then we say that the function G is of weak Pareto type 
near zero with index a. 

2 Asymptotic formulas with error estimates for the impUed volatil- 
ity 

It was observed in [14| that two-sided estimates for call (put) pricing functions imply sharp asymptotic 
formulas for the implied volatility. We will next formulate two theorems obtained in |14) . 

Theorem 2.1 Let C G PFao, and let C, be a positive function with lira C,{K) = 00. Suppose that G is a 
positive function such that C{K) w G{K) as K -^ 00. Then 




- log log — 

2 '' C{K) 



/log — log log — 

G{K) 2 ^ C{K) 



as K 



Theorem 2.2 Let C G PFq, and let P be the corresponding put pricing function. Suppose that t is a 
positive function with lim t{K) = 00. Suppose also th 

function. Then the following asymptotic formula holds: 



positive function with lim t{K) = od. Suppose also that P{K) « P{K) o,s A' — )• where P is a positive 



m) - # 



^°4+'°^p^ 



- log log — 

2 ^ P{K) 



1 ^ I1 1 ^ 

— ^ nog — log log — 

V P{K) 2 ^ P{K) 



O fog 



K 



P{K)J 



t{K) 



as K -^0. 



Using the equality V'l'") — 2(\/l + u — \/m)^) u > 0, where ip is the function given by ([3|), we can rewrite 
the formulas in Theorems 12.11 and 12.21 in the following form: 



I{K) = 



Vt \ 



^ (logX)- 



log — log log — 

CiK) 2 ^c(if) 




CiK) 



as if — >■ oo and 

I{K) = 



log:^ 



Vr \ 



^ I 1 log Jl 



K I K 

log- — log log — 

P{K) 2 "^ P{K) 



0\ loe 



K 



P{K)) 



t{K) 



us K -^0. 

The next statements can be derived from Theorems I2.1l and l2. 21 (see |14)). 

1. If Ce PFoo, then 



V2 



I{K) 



as K ^ oo. Equivalently, 



' log K + log 



1 



C{K) 



/log 



1 



C{K) 



O 



log log ^ 



cm 



logcTF) 



(8) 



I{K) 



Vlog K 



tP 



'log CD 



cm 



Vt \'^\ \ogK 



o 



log log ^ 



cm 



\/iog3 



(9) 



K) 



as X ^- cx). 
2. If C e PFq, then 



'^x^-fr 



'^°s:^+i°sp^-Jiogp^ 



o 



log log 



K 

P(K) 



loe 



AT 

P(K) 



(10) 



as if ^- 0. Equivalently, 



/(^) 



log;^ 



i,\'^^i^\*o 



log log pT^ 



P(K) 



\/r \ \^ogj^ 



logp^r 



(11) 



(A-) 



as if ^ 0. 



Lee's moment formulas can be obtained from (j9|) and ([Tl]) . This was shown in [14]. The following 
quantities were used in the proof: 

I = liminf (log if )^^ log ■ 



K^oo ■ - ' -- C{Ky 

r* = sup {r > : C(if) = O (isT"'') as if ^ oo} , 
s* = sup |s > : Ft{v) ^ O {y^'^'^'^'A as y ^ oo\ 



l\-\ 1 



m = lini inf log — log ■ , , , 
K^G \ ^k) ^ P{Ky 

sup {u> 1 : P(if) = (if") as if ^ 0} , 



and 



u* =sup{«>0: Ft(2/) = 0(2/") as y ^ 0} , 

where Fxiy) = 1 — Fxiy)- It was established in [G] that for C G PFoo, 

p ~ I = r = s , 

and for C G Pi^o, 

q + 1 — m — u* = V* + 1. 

Here p and g are defined by ^ and ^ , respectively. 



(12) 
(13) 
(14) 

(15) 
(16) 
(17) 

(18) 
(19) 



Remark 2.3 The tail- wing formulas due to Benaim and Friz (see [5]) can be derived from formulas ^ and 
([TTjl . More details can be found in [G]. 

Lee's moment formulas provide useful information about the behavior of the implied volatility for extreme 
strikes only for pricing functions for which p < oo and q < oo. Our next goal is to simplify the formulas in 
Theorems 12.11 and 12.21 for pricing functions with p = oo and q — oo. 

Let C e PFoo- Then it is easy to see, using the equality p = r* , that the equality p = oo holds if and only 
if the function K i->- C{K) tends to zero faster than any function K~p, p > 0, a,s K —i' oo. An equivalent 
condition is the following: The complementary distribution function y i— > F(y) tends to zero faster than any 
negative power y^'\ p > 0, as y — >■ oo. Furthermore, if the stock price density Dt{x) tends to zero as a; — ?> oo 
faster than any function x"^ with p > 0, then p — oo 

Theorem 2.4 Suppose that all the conditions in the formulation of Theorem \2.1\ hold. Suppose also that 
p = oo. Then 

{\ogKf 



I{K) = 



1 



logi^ 
log 



C{K) 




C[K) 




(20) 



as K -^ oo. 

Proof. Since p 



formula ^/T 



I, we see that log K log — — 

0, we obtain 



as i^ — > oo. Next, using Theorem 12.11 and the 



I{K) = 





as iiT —> oo. 

This completes the proof of Theorem 12.41 

Theorem 2.5 Suppose that all the conditions in the formulation of Theorem 
q — oo. Then 



I[K) 



1 



log 



2r /log 



K 

P(K) 



+ 




hold. Suppose also that 



(21) 



as K ^0. 



Proof. Since g = m — 1 (see ([19])), we have log -^ ( log p7^ ) -> as fi' -> 0. Next, using Theorem 12.2 



and reasoning as in the proof of Theorem 12.41 we obtain formula (|2ip . 
Ths proof of Theorem 1 2. 5 1 is thus completed. 
It follows from Theorem 12 .41 that for C E PF^o with p = oo, 



I{K) 



log K 



y2T,^log^ 
Similarly, if C £ PFq with q = oo, then Theorem 12 . 5 1 implies that 

log:^ 



I{K) 



2TJ\og 



K 



(22) 



(23) 



as if ^ 0. 



Remark 2.6 Formulas (P^ and 1^^ were obtained in [5] under certain restrictions on the call pricing 
function C. Our results show that no such restrictions are needed. 

We will next explain the relationships between the O-large terms in formulas (I^Ul) and (HJ). The following 
corollary follows from Theorems 12.41 and 12.51 



Corollary 2.7 (a) Suppose that the conditions in Theorem \2.4\ hold. Suppose also that for every a > there 
exists Ka > such that 

C(X) >e-"('°sif)' for all K > K^. (24) 

Then 

( 






(logX) 



2 



(25) 



as K -^ CO. On the other hand, if there exist /3 > and Kq > such that 

C{K)<e-P^^°s'^'>' for all K > Kq, (26) 

then 



C(K) \y ^ C(K) 

as K ^^ oo. 

(h) Suppose that the conditions in Theorem \2.5\ hold. Suppose also that for every 7 > there exists K^ > 
such that 

P{K)>Ke~"^^^°'^i^^ for all K < K^. (28) 

Then 

( 






(log 7?) , (29) 



K 



V PiK) V ^g PiK) 

as K -^ 0. On the other hand, if there exist 6 > and Kq > such that 



P{K) < Ke-^^^°SK) ffj^ all K<Ko, (30) 



'^^■^-^^^"i^^^ 



then 



P(K) \\l ^ P(K) 

as K ^0. 

Proof If condition ([M|) holds, then (logiiT)^ ( log -^ ] ^ 00 as X — > cx). Therefore, we can take 
C{K) = (log-ftT)^ (log'cm) ^^ ®- "^^^^ implies formula ^. On the other hand, if ^ holds, then 

the function K i~> (logX)^ (log—-!-—) is bounded, and hence ([27]) is valid for any function C, such that 
C,{K) — > 00 as iiT — >• 00. The proof of formulas ([^ and (I5T]) is similar. 

3 On the existence of the hmit in Lee's moment formulas 

Our objective for the present section is to explain when the upper limit in Lee's moment formulas can be 
replaced by the ordinary limit in the case where not all the moments of the stock price are finite. Sufficient 
conditions for the existence of such a limit were found in [21 [31 13] . In this section, we provide necessary and 
sufRcient conditions for the existence of the limit in Lee's formulas. 



Theorem 3.1 Let C G PFoo he a call pricing function for which < p < oo. Then the formula 

I{K)^(^^y ^/hiK, i^^oo, (32) 

holds if and only if the function C is of weak Pareto type near infinity with index a — —p. 

Proof. Suppose that the conditions in Theorem 13. II hold. It follows from (j9]) that formula (|32|) is valid if 
and only if 

^lim^(logi.)-log^=p. (33) 

Note that if the limit on the left-hand side of ([55)1 exists, then it necessarily equals p (use psp and the 
definition of the parameter I in ((T^))- 

Let us first suppose that formula ([55)) holds. Then for every e > 0, there exists K^ > such that 

for all K > K^. Applying Vuilleumier's theorem (Theorem II .Sp to the functions K^C{K) and — r— - — r, we 

see that the function C is of weak Pareto type near infinity with index a — —p. 

Next, assume that there exist positive functions gi e R^p and (?2 S R-p such that gi{K) < C{K) < g2{K) 
for aU K > Kq. Put 

r(X) = (logi^)-Mog^. (34) 

Then we have 

{logKy'log^—<TiK)<{\ogK)-'log^— K>Ko. 

Since gi € R-f, and 92 G R-p^ we see that there exist slowly varying functions Zi and I2 such that 

p}ogK+}ogh(K) plogK+^oghiK) 

] 77 < t{K) < , K > Kq. (35) 

log A logiV 

Using the representation theorem for slowly varying functions (Theorem 1.3.1 in [5]), we see that for every 
I G Ro, 

lim {logKyHogl{K):^0. 

Now it is clear that ([55]) implies ([55]) . 

This completes the proof of Theorem 13.11 

We will next discuss the case where p = in Theorem 13. II 

Theorem 3.2 Let C G PFoo and assume that p — Q. Then the condition 

1 
2\^ 



holds if and only if there exists a function gi £ Rq such that 

gi{K)<C{K), K>Ko. (36) 



Proof. Necessity. Suppose p — and formula ([33)) holds. Then for every e > 0, there exists K^ > such 
that C{K)~^ < K^ for all K > K^. Applying Vuilleumier's theorem, we see that there exists a function 
51 e i?o satisfying gi{K) < C{K), K > Kq. 

Sufficiency. Suppose there exists a function gi £ Rq such that ([36| holds. Then 



t(/v ) < (log K) - ' log ^— , K>Ko, 
9i(.K) 



where r is defined by (IM|) . Now the proof of Theorem 13.21 can be completed as in Theorem l3.1l 

We wih next show that condition ([55]) in Theorem 13.21 can be replaced by the following condition: The 
function C is of weak Pareto type near infinity with index a = 0. It suffices to prove that for every call 
pricing function C there exists a function g2 € Rq such that C{K) < g2{K) for all K > Kq. In the proof, 
we will need the following result established in (9j. For every c > and every Lebesgue integrable non- 
increasing function / on {c,oo) there exists an integrable function h £ i?_i such that /(y) < h{y) for all 
y > Hq. Applying the previous assertion to the function / = Ft and taking into account formula ([T|), we 
see that C{K) < g2{K), K > Kq, where 52(2/) = / h{u)du. It remains to prove that 52 € -Ro- This follows 
from the following theorem due to Karamata. Let h e -R-i and suppose / h{u)du < 00 for some xq > 0. 
Then the function a; — >■ J h{u)du is slowly varying and 

r h(u)du 
lim ■''= , = C50 

a;->-oo xh[X) 

(see [5], Proposition 1.5.9b). 

Our next goal is to formulate and prove assertions similar to Theorems 13.11 and 13.21 in the case where 
K ^ 0. Let C be a call pricing function, X the corresponding stock price process, and /xt the distribution 
of the stock price Xt- Recall that in [14, we defined a new call pricing function G by the following formula: 

G{T, K) = -^P (T, ^T(K)) , (37) 

where r\T{K) — (xqc^^) K^^ . The distribution jl of the stock price X corresponding to G is given by 

KA) = -?f / xd^iT{x) 

for all Borel sets A. Denote by Ft the complementary distribution function of Xt- Then 

FT{y)^fi{{y,^))^ ^ xd^iTix), y > 0. (38) 

Moreover, the stock price distribution densities Dt and Dt, associated with the pricing functions C and G, 
respectively, are related as follows: 

(xne''^)^ 
Dt{x) = ^ \ ^ Dt {vt{x)) , a; > 0. (39) 



IciT,K)^lG(T,{xoe'-^fK-') (40) 



Finally, the equality 

holds for the implied volatilities Ic and Iq (more details can be found in [l4]). 

For a random variable U > 0, define its moment of order p g M by ■mp{U) = E* [U^]. The next statement 
provides a relation between the moments of Xt and of Xt- 

Lemma 3.3 For fixed T > and p ^ 0, the following formula holds: 

mp (^t) = (xoe'-^)'^"' mi_p (Xt) - (41) 



Proof. For every p > 0, we have 



^p (Xt) 



P yP-^FT{y)dy- (42) 

Jo 



It follows from (gH) that 

/~ \ p f°° rnriv) i-oo rVTix) 

rrip [Xt] = ;5T / y''~^dy / xdnrix) = ^ / xdfirix) / y^^^dy 

\ / xge Jo Jo 2;oe Jq Jo 

f-OQ 

Jo 
Now let p < 0. Then 

mpi^XTJ^J [l-F[y-pj\dy. (43) 

Using f[38)) and ([43l) . we see that 

rrip (Xt) = -^ / dy xdfirix) = -^ / vF'^du / xd^rix) 

^ ' xoe-"^ Jo JiiT[yA ^oe" Jo J^t(u) 



-^ / a;dMT(x) / ^^-Mt. = {xoe^^f-' / ^^-^^^.^(a;) - {xoe^'^f"^' m^-p (^t) ■ 

2^oe Jo Jvt{x) Jo 



This completes the proof of Lemma 13.31 

In the remaining part of the present section, we use the symbols pc, Qc, Pg, and qc to stand for the 
quantities defined by (|4]) and ([6]) for the call pricing functions C and G. 
The next assertion can be easily derived from Lemma [ 



Corollary 3.4 The following equalities hold: pQ = qc and qc = Pc ■ 



Theorem I3.1[ Theorem 13.21 and Corollary 13.41 show that there is a certain complicated symmetry in the 
behavior of the implied volatility near zero and near infinity. 

Theorem 3.5 Let C e PFo and let P he the corresponding put pricing function. Suppose that q < cx3. Then 
the condition 

^^['^ff^, K^O. (44) 

holds if and only if the function P is of weak Pareto type near zero with index a = —q — 1. 

Proof. Put p ~ Pg and q = qc- Then we have p — q (apply Corollarv l3.4p . Using PO]) . we see that the 
following conditions are equivalent to dH]): 



as K —>■ 0, and 



/a(.T(X))^(^)Vlogl 



^{P) 



Ic{K)-{^] V^^. 



as K ^ c». Since G is a call pricing function and Theorem 13.11 holds, we obtain one more equivalent 
condition: 

gi{K)<GiK)<g2{K), K>Ko, (45) 

for some functions gi E R-p and 52 G R~p- Finally, using p7p and (j45|) . we establish Theorem l3.5l 
The next result concerns the behavior of the implied volatility near zero under the restriction q — 0. 

Theorem 3.6 Let C G PFq and assume that q ~ Q. Then the condition 



/(Al^(|;jyiogl, K^Q, 
holds if and only if there exists a function hi G R-i such that 

hJ^^<P{K), 0<K<Ki. 



10 



Theoreni l3.6l can be established combining the methods employed in the proofs of Theorems 13.21 and T 
We leave filling in the details as an exercise for the reader. 

Next, we turn our attention to relations between the implied volatility and the distribution of the stock 
price. The following assertions can be derived from Theorems 13.11 and 13.21 

Theorem 3.7 Let C G PFoo, and suppose that < p < oo for the stock price Xt- Suppose also that the 
complementary distribution function Ft of the stock price is of weak Pareto type near infinity with index 
a ~ —p — 1. Then formula i32\) holds for the implied volatility associated with the pricing function C. 

Proof. Using ([1]), we see that the conditions in the formulation of Theorem l3. 71 combined with Karamata's 
theorem (see Theorems 1.5.11 and 1.6.1 in [5]) imply two-sided estimates for the call pricing function C, 
which allow to apply Theorem 13. II It follows that formula (15^ holds. 

Theorem 3.8 Let C £ PFoo, o.nd suppose that p — for the stock price Xt- Suppose also that there exists 
a positive function ri G R-i for which ri{y) < F{y), y > y^. Then the condition 



holds for the implied volatility associated with the pricing function C . 

It is not hard to see, reasoning as above, that Theorem 13.81 can be derived from Theorem 



Theorem 3.9 Let C £ PFoo, o.nd suppose that < p < oo for the stock price Xt- Suppose also that the 
distribution density Dt of the stock price is of weak Pareto type near infinity with index a = —p — 2. Then 
formula liSS^) holds for the implied volatility associated with C - 

Theorem 3.10 Let C G PFoo, o,nd suppose that p — for the stock price Xt- Suppose also that there exists 
a positive function ri G R-2 for which ri{x) < Dt{x), x > xq- Then the condition 



holds for the implied volatility associated with C - 

Theorem l3.9l follows from Theorem l3.7l (take into account formula ([2|)). In addition, Thcorcm l3.10l follows 
from Theorem 13.81 and Karamata's theorem. 

Next, we turn our attention to the case where K ^ 0. We will only include assertions similar to Theorems 
and lXTUl 



Theorem 3.11 Let C G PFq, and suppose that < q < oo for the stock price Xt- Suppose also that the 
distribution density Dt of the stock price is of weak Pareto type near zero with index a =^ —q + 1. Then the 
following formula holds for the implied volatility associated with C: 



nK>^m'M 



as K ~>0- 



Proof- Consider the call pricing function G defined by formula (|37|) . Since pc = qc (see Corollary 13.41) . 
we have < pa < oo. Hence, Theorem 13.91 can be applied to G and Iq- Now, it is not hard to see, taking 
into account ([39]), that the resulting statement is equivalent to Theorem 13. Ill 

Theorem 3.12 Let C G PFq, and suppose that q = for the stock price Xt- Suppose also that there exists 
a positive function f G i?i for which f {x~^) < Dt{x), < x < xq. Then the following formula holds for 
the implied volatility associated with C : 



/W-lljVlog^ 



as K -^ 0. 



The proof of Theorem 13.121 is similar to that of Theorem 13.111 Here we use Theorem 13.101 instead of 
Theorem EH 
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4 Exceptional cases. Piterbarg's conjecture 

Let X be a stock price process for which p < oo and q < oo. Then a typical behavior of the imphed 



volatihty near infinity is described by the function ci\/logK and near zero by the function C2y log j^ (see, 
e.g., the results obtained in the previous section). However, if p = c» or g = oo, then the class of typical 
approximating functions is wider. This was observed, e.g., in [5JSJ[3S]. 

Suppose that w is a positive increasing function on (0, oo) satisfying w{y) — ?> oo as y — > oo. In this 
section, we study the asymptotic behavior of the function 



log A 

as i^ — > OO under the condition p = oo. In (|46p , / is the implied volatlity corresponing to a given call pricing 
function C G PFoc- Set 

7^ = lim sup K{K) = lim sup ^^^W^K) ^^^^ 

K^oo K^oo log A 

The question of determining the value of 7^, goes back to V. Piterbarg (see [5F). We will exclude the 
functions w with irregular behavior since such approximating functions do not arise in applications. It will 

be assumed that the limit M = lim exists (finite or infinite). If M < 00, then we have 

y^ca logy 



by Lee's moment formula ([5]). However, in the case where M = 00, formula ([5]) does not explain how the 
implied volatility behaves near infinity. 

In the remaining part of the present section, we consider a call pricing function C G PF^a with p = 00, 
and assume that w is a positive increasing function on (0,oo) satisfying the condition 

lim ^ = 00. (48) 

y-s-oo logy 

Recall that by Xt was denoted the stock price at maturity and by Ft the complementary distribution 
function of Xt- Define the following constants depending on w. 



sup 



\r>Q:G(K) = (e"™'^)) as i^ ^ 00 j , (49) 



Pii, ~ sup < p > : E* 







< 00 L (50) 



and 



It is not hard to see that 



and 



pw = sup {p > : E* [exp {pw (Xt)}] < 00} , (51) 

Z^-hminf^^^^. (52) 

p^ = sup |p > : I FTiu)eP'"^''^du < ooj (53) 

/•OO 

p„ = sup <{ p > : / eP'"(")d[-FT(w)] < 00 j> . (54) 
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In [251. V. Piterbarg formulated a conjecture concerning the asymptotic behavior of the imphed volatihty 
in the exceptional case where p = oo. Piterbarg's conjecture adapted to our notation and restricted to the 
case where condition (^5)) holds for the function w, is as follows: 



limsup -^ = , =■ 55 

It will be shown below that formula ((55|) holds if we replace pw by Pw (see Theorem 14.21 below) . Moreover, 
under a very mild additional restriction on the function w, formula ()55p is valid without any modifications 
(see Remark |4?5|) . 

Our first goal is to study various relations between the constants introduced above. 

Lemma 4.1 Suppose that w is a positive increasing function on (0,oo) satisfying ^J^- Then Iw = r^ — Pw 
and Pw <Pw 

Proof. Let < /uj < oo. Then for every small enough e > there exists K^ such that for all K > Kq, 
{w{K))-^ log -^^ > I - e. It follows that C{K) < e(-'+'^)"'(^), K > K^, which implies the inequality 
Iw ^ ^^- F'o'^ ^w = OO, the proof is similar, while the case Z = is trivial. 

Next, let r;^ > and let r with < r < r^ be such that C {!<) = O (e-'~«'(^)) as K ->■ cx). Then we have 

logcpfj . logc 

> r + 



w{K) - w{K) 

where c > does not depend on K . Now it is clear that r^ < Z^,. The case r^ = is trivial. This establishes 
the equality l^^, — r^. 

We will next prove the equality p„, = r*,. Suppose r^ > and let r > be such that r < r^j. Then 
we have C{K) = O (e"'"™^^^) as K -^ oo. Let e < r. Using the integration by parts formula for Stieltjes 
integrals and ([1]), we obtain 

/■CXD /"OO 

FT(u)e('^-")"'(")du = c + e''^ / C{y)de^''-''>'"^y'> < a + C2 / e-^^^^de^'""")"'*^) < oo, 

"'0 Ja 

which implies the estimate r^ < Pw 

Next, suppose Pw > and let p > be such that p < pw Then using ([T]), we see that that for every 
K>0, 

oo > / FT(u)eP'"(")dM > eP"'^-^) / FT{u)du = e''^eP'"^^^C{K). 



It follows that C{K) = O (e p'"(-^)) as i^ — )■ oo and hence Pw < r^^. This establishes the equality p^ = r* 
It remains to prove the inequality p^, < p^,. For all a; > and p > 0, we have 

eP'"fe)dy<2,eP'"W. 



Therefore, (|48p shows that for every e > there exists x^ > such that 

eP'"(!/)dy <e(P+'^)"'(^), x>x,. 



Now, it is not hard to see that (|50p and (j5ip imply the inequality p^ < Pw 
This completes the proof of Lemma 14.11 
We will next prove a modified version of Piterbarg's conjecture. 

Theorem 4.2 Let C G P-Foo be a call pricing function, and suppose p = oo. Let w be a positive increasing 
function on (0,oo) satisfying condition ^JW- Then 



limsup ^ y J ' = , 56 
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Proof. Using ^^ and ([SI]), we see that 

K^oo \0gK y K-.00 w{K) j V2TU 

Now it follows from the equality Iw — pw in Lemma [4. II that formula (15^ holds. 

It is clear from Theorem 14.21 and the inequality p^ < p^ in Lemma 14.11 that Piterbarg's conjecture 
(formula ([55])) is equivalent to the validity of the inequality p^ <Pw 

Our next goal is to prove the equality p^ — p^ under certain additional restrictions on the function w. 

Lemma 4.3 Let w be an increasing positive function on (0,cxd) satisfying condition ^8^ . Suppose also that 
for all < e < 1 there exists a number x^ > such that 

X 

e"'(")dM > e^i-")""*^) (57) 



for all X > x^. Then p^ — Pw 

Proof. It suffices to prove the estimate p^ l£ Pw Let us assume that the conditions in the formulation 
of Lemma 14.31 hold. We will prove that the following stronger condition is valid: For all < p < oo and 
< £ < p there exists a number Xp,, > such that 

e^^f^^du > e(P~'')"'(^) (58) 



for all X > Xp^e- 

First, assume that p > 1. Then Holder's inequality and ([57l) imply 







P 9 

x^ < e'^™^^-' eventually holds. Therefore, the estimate 



for all X > x^ where - + - = 1. It follows from condition (|48|) that for every 6 > and r > the estimate 



pPw(u)^^ > ^(p-pe-S)w(x) 



eventually holds. It is clear that this implies ([58| for p > 1. 
Next, let < p < 1. Then using ([57]) we see that 



l^x ^x 

eP^(^)du = / e(P-i''"(")e"'(")dw > e^^-^^^'^") / e^'^^^dw > e^^'^^^'^^^du 
"'0 Jo 



for X > x^. This establishes (1581) for all < p < 1. It follows that (|58p holds for all p > 0. Now, it is not 
hard to see that the inequality p^, < p^ can be obtained from ([50)) , ([5T|) , and ([55)) . 

Corollary 4.4 Let w be an increasing positive function on (0, oo) satisfying condition C^. Suppose there 
exists a number c > such that w is absolutely continuous on every compact subinterval of (c, oo), and for 
every < e < 1 there exists y^ > c such that 

w'{y) < e^'"^^) (59) 

almost everywhere on (y^,oo) with respect to the Lebesgue measure. Then p^^ — Pw 

Proof. We will show that the conditions in the formulation of Corollarv 14.41 implv estimate (1571) . Indeed, 
it follows from (15^ that for all < e < 1, and x > y^, 

e^^yUy> I e'^^y^w'{y)-^dy> [ e^^'^'^'^^y^w' {y)dy. 
J ye ^'(y) Jy. 
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Therefore, there exist c^ > and x^ > such that 



for all X > x^. It is not hard to see that the previous inequality implies (|57l) . and hence Corollary 14.41 follows 
from Lemma [ 



Remark 4.5 It is clear that under the conditions in Lemma [4.31 or Corollary 14.41 Piterbarg's formula ([55]) 
holds. 

Let w be an increasing positive function on (0,oo), and suppose that there exists a number c > such 
that w is absolutely continuous on every compact subinterval of (c, cxd). The next quantity depending on w 
is expressed in terms of the complementary distribution function Ft of the stock price Xt'- 



sup 



|s>0:FT(y)==o(e"''"^^'u''(y)) a.e., as y ^ oo}. (60) 



Lemma 4.6 Let w be an increasing positive function on (0, oo) that is absolutely continuous on every com- 
pact subinterval of (c, cxd) for some c > 0. If for every < e < 1 there exists y^ > c such that 

almost everywhere on {y^,oo) with respect to the Lebesgue measure, then r^ = s^. 

Proof Suppose r^, > and let r > be such that r < r^. Then C{K) < c^e^^^^) for aU K > Kr. For 
an e > 0, set X,{y) = e-^'"^y\ It follows from (P) that 

^^^.rwiv-Kiv)) ^ f FT{u)du>FT{y)e-'^'"^y\ y > y,,r- 

Therefore, condition ([5^ implies that , 

Friy) < c,e(-'^+^)"'(^) exp{r[zi;(y) - w (y ~ A,(y))]} 

= c^e(-''+^)'"(^) exp J r (^ w\u)du \ 

\ Jv-\,{y) J 

< c.e(-''+^)'"(2') exp I r T e""'^")^^ I 



CrC^ ' '"' exp \r I e 

'y->;{y) J 

< c,.e''e(-''+")"'(2/) (62) 

for almost all y > y.^r- Using (pT|) and ([5^, we see that for every e > 0, 

FT{y) = O (w;'(2/)e(-'-+2-)-(^)) 

as 2/ — >■ cx). Now it is clear that r^ < Sm,. 

Next suppose s^ > Q and let s > be such that s < s^^. Then Friy) = O (e^'""(^)u''(j/)) a.e., as y -> oo. 
Therefore 



CiK) <c f e~''"^y^w'{y)dy = O (e^^^'^-^)) 



as ii' — >■ CX3 . Now it is clear that the previous reasoning implies the estimate s^, l£ r^. 
This completes the proof of Lemma 14.61 

Lemma 4.7 Let w be an increasing positive function on (0,(X)) that is absolutely continuous on every com- 
pact subinterval of (c, oo) for some c > 0. Suppose that w{y) (log y)~^ f oo as y -^ oo. Suppose also that for 
every < e < 1 there exists y^ > c such that w'{y) < e^™*-*'-' almost everywhere on {y^,oo). Then for every 
< e < 1 there exists jje > c such that e"^""^**^ < w'{y) almost everywhere on (2/5,00). 
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Proof. There exists yo > c such that 

Q < ,'w{y)\' _ w'{y)\ogy-y-^w{y) 



logy/ log^y 

a.e. on {yo,oo). Therefore, 'w'{y) > {y log y)~'^w{y) almost everywhere on (j/o,oo). It is clear that for every 
£ > there exists y^ > c such that ^(y) > exp | — |w(j/)} and y logy < exp ||i(;(y)} for almost all y > jje- 
It follows that w'{y) > e"^*"^^-* for almost all y > y^. 

This completes the proof of Lemma 14.71 

We will next provide an example showing that the inequality in (j57|) may fail to be true. Let {ari}„>o 
and {^n}„>o be sequences of positive numbers such that a„ f oOj (5„ i as n ^ oo, and (5„ < 1, n > 
(these sequences will be chosen later). Define a function on [0, oo) by w{u) = a„ if u G [n, n + 1 — Sn] and 
w(u) = a„ + °"+^^ °" (u — (n + 1 — (5„)) if u G [n + 1 — (5„, n + 1]. 

Let n > and ti + 1 — (5„ < a^ < fi + 1 ■ Then 

e^^-^du<ye^-+ye'^- exp i ^^±V^y M?/ 

< ne"" + V e'"' /^a^+i-a^ _ i) 

n j^ 

= ne"" + y ^^^ (e'^'^+i - e"" ) 

n 

< ne'^" + ^ 4e"'=+^ (63) 

fc=0 

Now we can select the sequences {an}n>o ^^'^ {'^n}n>o- ^^* cto = 1 a-nd let a„ with n > 1 be defined by 
the formula a„+i = 3a„ +41og(2n). Then we have 2^6°" = exp < °" °"+^ \, n > 1. Put (5„ = 6^""+% n > 0. 
It follows from ((63)) that for all n > and n + 1 — dn<x<n+l 

r e^^^^du < 2ne''" = exp | "" +^""+^ | . (64) 

Next suppose that n > and n+1 — ^ < x < n + 1. Then 

u(^x) J -1 „ I J '^n+l ~ O-n f _ /„ I 1 iC \\ 1 \ I '^" ^ 'In+l 



et-(-) = exp { -a„|exp| -"^^^^- {x - [n + I - <5„)) ^ > exp ^ " 7""^ ^ . (65) 



It follows from (Ell) and dMl that 



/o 

for all X G ^ where 

5„ 



Therefore, the estimate in (l57l) does not hold for the function w defined above. 



n+1 — ,n + 1 



5 Applications 

The constant elasticity of variance model. The stock price process in the CEV model satisfies the 
following stochastic differential equation: dSt = aSfdWt- It is assumed that < p < 1 and a > 0. The 
initial price will be denoted by sq. For the sake of simplicity, we also suppose that the interest rate r is equal 
to zero. The CEV model was introduced by Cox and Ross in [S]. More information on the CEV model can 
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be found in \W. The CEV model is a local volatility model, for which the volatility of the stock is given by 
the expression aS^^ . The CEV model takes into account the leverage effect: the volatility is higher if the 
stock price is lower. Under the restrictions imposed on the parameters, the stock price process S in the CEV 
model reaches zero in finite time. We will assumed that the boundary a; = is absorbing. 
The transformation 

Q2(1-p) 

^ = ^n ^2 (66) 

reduces the stochastic differential equation for the CEV model to the equation for squared Bessel processes, 
i.e., 

dXt = Sdt + 2y/YtdWt (67) 

with 

*^^. m 

The initial condition for the process X in ([57)1 is given by 

g2(l-p) 

Therefore, X is the squared Bessel process BESQl^ (see [131 122] for more information on squared Bessel 
processes). The index of the process X is defined by 

1/ = - — 1 = — - 



2 2(1 -p)' 

and the distribution of the random variable Xt is given by the following formula: 

,H.,.[l-rHi^)]M.,.±/^(^)*e.p{-^}._„(^).. ,70) 

for every Borel subset A of [0,00). The function / in (j70p is the /-Bessel function, Sq is the delta-function 
at a: = 0, and F is the normalized incomplete gamma function given by 

r{n,y) = -^ r t-'e-'dt. 

r(n) Jo 

Remark 5.1 Formula (1701) can be called Feller's formula, since W. Feller found in ITD] an explicit expres- 
sion for the fundamental solution of the diffusion equation associated with the CEV-process (see |6| more 
information and details). 

Let us denote by pt{x) the absolutely continuous component of /it- It is given by 

It is known that 

W-^^^CIY as x^O (72) 

for all a 7^ —1, —2, • • • . Moreover, 

Ia(x) ^ , as X — >■ (X) (73) 

V2^ 

(see, e.g., [T]). Using formulas (p51) and (pOl) . we see that the absolutely continuous component drix) of the 
distribution of the stock price St satisfies the equality 

,2(l-p) ^ / 1-P^l-p 



,,,,)=„,.««■-.,-■ „pj __i___|,_,, _2L_^ , ,„) 
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where c > is a constant depending on the model parameters. Therefore, (j72p and (|74p give 

drix) -- cix^^^P as a; ^ 0, (75) 

where ci > depends on the model parameters. 

It is not hard to see that the singular component of /xt does not affect the behavior of the put pricing 
function P near zero (use the definition of P) . Integrating the function (It near zero twice and using (|72p , 
we obtain 

P{K) w K^^^P as K ^0. (76) 

Next, we turn our attention to the call pricing function C. It is clear that the singular component of fir 
does not influence the behavior of C{K) a& K ^ oo. Using (|66l) . ([M]). (1751) . and ([7T|) . we see that 

3 f s^~''x^~P 1 f .t2(i-p) ^ 

d.(.) ^ c..-^^exp ^;,(^_^), exp |- ,^;^,(,_^), j (77) 



where C2 > is a constant depending on the model parameters. Integrating ()77|) over a neighbourhood of 
infinity twice, we obtian 

C,A-,.A-^exp|iJL_|„p{-5j|,^j_^} (78) 

as iiT —> oo. 

It is clear from (ffS]) and ([77| that for the CEV model we have p — oo and q — 2(1 — p). Hence, 
the behavior of the implied volatility as iiT — > is regular, while the case X — > cx) is characterized by a 
nonstandard behavior. 

Theorem 5.2 The following statements hold for the implied volatility in the CEV model: 

1. Let Q be a positive function on (0,oo) such that lim C,{K) = cx). Then 



K- 



n.,..a-.)g^.o(fil) 



(79) 



2. Let T he a positive function on (0, oo) such that lim t{K) — oo. Then 




I{K) = ^ \/ (3 - 2p) log -^ - i log log 1 - ^(2 - 2p) log -^ - ^ log fog -^ 

^^^^ ' as K^Q. (80) 



logi 



AT, 



Remark 5.3 Formula ([79| without an error estimate was reported in [TT]. The proof of this formula in [TT] 
uses the right-tail-wing formula from [2 and the stock price distribution estimates. See also [4] where an 
alternative proof is given. Our formula (|79p contains an error estimate. 

Proof of Theorem \5.2[ The asymptotic formula in (|80)) follows from Theorem 12.21 with P{K) = K^~^p, 
formula ()76p . and the mean value theorem. As for the asymptotic formula in (|79p . it can be derived from 
(f78| and Corollary [2l7l Part (a) as follows. Set 

Then 
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and 

log ^ « K^i^-P) as K ~^oo. (82) 

CiK) 

Next, using (|25l) . (I5T]) . ([5^ . and the mean value theorem, we obtain (|79l) . 

The Heston model perturbed by a compound Poisson process. In this subsection, we discuss 
perturbations of the Heston model by a compound Poisson process with double exponentially distributed 
jump sizes (see [IH])- Perturbations of the Black-Scholes models by such processes were studied by Kou (see 

Let us first recall several well-known definitions. A nonnegative random variable U on a probability space 

(f2, J^, P) is exponentially distributed with parameter A > if the distribution of U admits a density dx given 

by d\{y) = Ae~^lj-j^>o}- A nonnegative integer- valued random variable A'^ follows the Poisson distribution 

~ A" 

with parameter A if P(A^ — n) — e^^ — - for all n > 0. 

n! 
Let Tfe, A: > 1, be a sequence of independent exponentially distributed with parameter A random variables, 

n cxD 

and set T„ = 2. ^k- The stochastic process A^ given by Nt — 2, ^{t>T„}, t > 0, is called a Poisson process 

k=l n=l 

with intensity A. For any t > 0, the random variable Nt is Poisson distributed with parameter Xt. 

Let p be a distribution on R. A compound Poisson process with intensity A > and jump size distribution 

Nt 

p is the process J defined by Jt = > Y^, t > 0, where 1^ is a sequence of independent identically distributed 

fe=i 
variables. It is assumed that the law of every random variable Yk coincides with p, and A^ is a Poisson 

process with intensity A independent of the process Y. 

Suppose J is a compound Poisson process given by 

Nt 

Jt = ^(^,-1), t>0, (83) 

1=1 

where Vi are positive independent identically distributed random variables, which are independent of the 
process A^. Put Ui = log Vi — log (l + Yi) and 

Nt 

Jt^Y.^'^ t>0, (84) 

i=l 

and suppose that the distribution of Ui admits a density /. The process J is a compound Poisson process 
with intensity A and the jump size distribution /. 

In the present paper, we consider the following special case of the jump distribution density: 

f{u) = p77ie-''i"l{„>o} + g7?2e''^"a{„<o}, (85) 



where ryi > 1, 772 > 0, and p and q are positive numbers such that p + q = 1. The density defined by 
called double exponential. 

The stock price process X and the volatility process yY in the Heston model perturbed by a compound 
Poisson process are determined from the following system of stochastic differential equations: 

dXt = pXt-dt + VYiXt-dWt + Xt^dJt .ggx 



dYt ^q{m-Yt)dt + c^/YtdZ-, 



where the process J is given by (|83l). and it is assumed that the the distribution density / of Ui in 
satisfies (j85|) . 

The standard Brownian motions W and Z in (|86|) may be correlated. We suppose that their correlation 



is characterized by a constant correlation coefficient p € [— 1,0]. In other words, Zt — \/\ — p^Zt + pWt 
where Z is a standard Brownian motion independent of W. 

The behavior of the stock price density in an uncorrelated stochastic volatility model before and after 
perturbation by a compound Poisson process was studied in [T5| . We will next formulate similar results for 
the correlated Heston model: 

19 



Theorem 5.4 Let e > 0. Then there exist ci > 0, C2 > 0, and xi > such that the following estimates hold 
for the distribution density Dt of the stock price Xt in the perturbed Heston model: 

^1 (i + ^) < A(.) < c. (^ + ^) (87) 

for all X > xi. In ^87^ , the constants C2 and xi depend on e. 

Theorem 5.5 Let e > 0. Then there exist c^ > 0, C4 > 0, and 2:2 > such that the following estimates hold 
for the distribution density Dt of the stock price Xt in the perturbed Heston model: 



C3 (ai-^^-^ + x'^^-^) < Dt{x) < a (, 
for all < X < X2- The constants C4 and Xi in \8^ depend on 



^A^-Z-e ^ ^m-l-e\ 



Remark 5.6 The constant A-^ in Theorems 15.41 and 15.51 depends on the Heston model parameters and 
satisfies A3 > 2. An exphcit formula for this constant in the uncorrelated case can be found in |17| and in 
the correlated case in |12) . 

Remark 5.7 The structure of the proof of Theorems 15.41 and 15.51 in the correlated case is the same as that 
in the uncorrelated one (see |18)). The only additional ingredient is the asymptotic formula for the stock 
price density in the correlated Heston model obtained in |12) . 

It is known that the no-arbitrage condition imposes the following restriction on the drift \i of the stock 
price process in ([M|) : 

H^r-Xri, (89) 

where 



V 



e"f{u)du-l 



(90) 



A is the intensity of the Poisson process N in (|83l) , and / is the double exponential density given by (|85l) . 
Under condition (|5^ , the discounted stock price process is a martingale (see [^ for more details) . 

Remark 5.8 It is not difficult to prove that the following equality is true for the number 77 defined by (|90p . 

V-^-^- (91) 

It will be assumed throughout the rest of the paper that the equality in (15^ with rj given by (1^1]) holds. 

We will next characterize the asymptotic behavior of the implied volatility / in the correlated Heston 
model perturbed by a compound Poisson procees with jump sizes distributed according to the double expo- 
nential law. 

Theorem 5.9 The following statements hold: 

1. Suppose 1 + 771 < A^. Then 

1 
I{K)^(tMY ^l^^ K^^. (92) 



2. Suppose 1 -I- 771 > A3 . Then 



^-(^3-1) 



I{K) - ( ' ^ ;^ ' ] VloiK, if ^00. (93) 
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Proof. Let 1 + 771 < ^3 and put p{x) — x^^^'-Dxix). Then, using (I57|) with t ^ T and applying 
Vuilleumier's theorem (Theorem II .5^ to the function p, we see that the conditions in Theorem 13.91 hold with 
■p = i]i. Now is not difBcult to see that this theorem implies (IMI) . 

Next, suppose 1 + 771 > A3. Then we can take into account ([55)1 with t — T, apply Vuilleumier's theorem 
to the function x^^I)t{x), and use Theorem 13.91 with p — A^ — 1 to establish (IM)) . 

This completes the proof of Theorem 15.91 

The next theorem can be obtained exactly as Theorem 15.91 using (|88l) . Vuilleumier's theorem, and 
Theorem 13.111 

Theorem 5.10 The following statements hold for the implied volatility in the perturbed uncorrelated Heston 
model: 

1. Suppose ri2 < ^3 — 2. Then 



W-(^)Vi°4' ^-0- 



2. Suppose ri2 > A3 — 2. Then 



„.-,.|i%^ 7.04, K^O. 
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